We investigate the optimal structure of dynamic regression models used in multivariate time series prediction and propose a scheme to form the lagged variable structure called Backward-in-Time Selection (BTS) that takes into account feedback and multi-collinearity, often present in multivariate time series. We compare BTS to other known methods, also in conjunction with regularization techniques used for the estimation of model parameters, namely principal components, partial least squares and ridge regression estimation. The predictive efficiency of the different models is assessed by means of Monte Carlo simulations for different settings of feedback and multi-collinearity. The results show that BTS has consistently good prediction performance while other popular methods have varying and often inferior performance. The prediction performance of BTS was also found the best when tested on human electroencephalograms of an epileptic seizure, and to the prediction of returns of indices of world financial markets.
Introduction
For the prediction of a multivariate time series it is important to model the interactions and lag dependencies that exist between the different variables of the system. These variables can reflect a single quantity measured at different "locations", e.g. channels of an electroencephalogram (EEG) recording (Prado et al., 2001) or different but connected quantities, e.g. financial products (Cramer and Miller, 1976; Welch, 1984; Bentzen and Engsted, 2001) or physiological indices of a patient (Rigney et al., 1993; Johnston et al., 1994) .
A straightforward approach in the analysis of multivariate time series is to extend models and methods used in univariate time series analysis, e.g. the autoregressive models for univariate time series to the vector autoregressive (VAR) models and the dynamic regression (DR) models for multivariate time series (Pankratz, 1991; Lütkepohl, 2005; Wei, 2006) . The extension, though seemingly straightforward, entails some caution with regard to data conditions that are likely to be present in multivariate time series. Such conditions are bidirectional or unidirectional feedback between the time series, i.e. a variable depends on another variable at a delayed time, which in turn may depend on the first variable at a further delayed time (Hsiao, 1982) , and multi-collinearity, i.e. strong linear relationships between the time series (Salinas and Hillmer, 1987; Van den Poel and Lariviere, 2004) . Both these conditions create spurious correlations between the different components of the multivariate time series and spurious autocorrelations on the single time series, which can result to misspecified models (Sapsford and Jupp, 2006) .
Many of the methods for model selection for multivariate time series stem from multiple regression (Leamer, 1978; Castle et al., 2011) , such as criteria trading-off fitting accuracy to model complexity, e.g. Akaike's information criterion and final prediction error (Lütkepohl, 2005, chap. 4) , shrinkage (or regularization) techniques such as principal component regression (PCR) (Jolliffe, 1982) , stepwise regression (Hocking, 1976) and Bayesian model averaging (Hoeting et al., 1999) . However, feedback and multi-collinearity requires a suitable adaptation of these criteria in order to identify the most appropriate set of lags from each time series, referred to as subset VAR models. For example, the subset selection schemes using a top-down or bottomup strategy are in analogue to forward and backward selection in regression (Lütkepohl, 2005, chap. 5.2.8) . All the schemes are suboptimal in the sense that they do not explore all possible lag combinations of the variables, and they are mostly based on the idea of optimizing the lag structure for each variable. Here, we propose a scheme of the bottom-up type accounting for feedback and multi-collinearity, but also an inherent property of time series that the dependence structure is closely related to the temporal order of the variables, i.e. temporally close variables are more likely to be correlated than variables falling further apart in time. Thus our scheme, called Backwardin-Time Selection (BTS), evaluates progressively the inclusion of the lagged variables in the model, starting with the most current variables.
We compare the proposed BTS scheme to other methods for model structure. Given that the model structure can be indirectly determined through model estimation, e.g. PCR regularization may give a model structure of reduced degrees of freedom, we include in the study different methods for estimation of dynamic regression models. In particular, we consider ordinary least square estimation (OLS) of the dynamic regression model and the regularization techniques of PCR, partial least squares regression (PLS) and ridge regression (RR) that are commonly used in problems of regression with the aforementioned problems. For all the combinations of schemes for model structure and model estimation, we compare their predictive efficiency with the use of Monte Carlo simulations.
In Section 2, the basics of linear multivariate modeling are presented. In Section 3, we present the BTS scheme for determining the model structure and in Section 4 we discuss other methods for model structure as well as methods for model estimation. In Section 5, Monte Carlo simulations are presented for different processes and the results are discussed. In section 6, we present applications on two real data sets, one of multi-channel EEG recordings and one of the Morgan Stanley Capital International (MSCI) indices. Finally, in Section 7, overall conclusions are derived.
Multivariate Modelling
The two most known classes of linear models for multivariate time series are the Vector Autoregressive model (VAR) (Sims, 1980; Wei, 2006) and the Dynamic Regression model (DR) (Pankratz, 1991) . Both can be seen as extensions of the simple autoregressive model (AR) for univariate time series, with the distinct difference that the former class models the vector variable at each time point as a whole, while the latter class models each component separately. Throughout our analysis we denote the multivariate series {y t } N t=1 where y t = (y 1,t , y 2,t , . . . , y n,t ) ′ is the variable vector at time t comprised of the n components y i,t . We focus on one-step-ahead prediction models but the generalization for T -step-ahead is straightforward.
Vector Autoregressive Model VAR(k)
The VAR model of order k is the most straightforward modification of the AR model for multivariate data and is defined as
where the scalar constant and the scalar coefficients of AR are respectively replaced by the constant vector a 0 and the n × n coefficient matrices A j , j = 1, . . . , k. The vector e t has components synchronously correlated, but time independent with zero mean and finite constant variance. Creating a matrix containing all the parameters, A = (a 0 A 1 . . . A k ), and the predictor vector of length nk + 1,
′ , eq. 1 has the compact matrix form y t+1 = Ax t + e t+1 . The Ordinary Least Squares (OLS) estimation of A is given byÂ
The vector form of the VAR model restricts greatly the model estimation, in that all variables must be included with the same number of lags. Also, with regard to prediction, an optimum fit for the vector time series may not be optimum for a component time series, or even for all of them. Another drawback is that since all the parameters are estimated simultaneously, when their number is large with respect to the number of the available data, the estimation may become numerically unstable. Workarounds for this problem are the QR factorization of the matrix with rows
or estimating the parameters for each one of the components separately, an approach that gives consistent estimates (Hamilton, 1994) . When the model in eq. 1 is decomposed to scalar equations, studying each one of them separately can also remove the restriction of having the same lag for each component, which leads to the other type of models, the Dynamic Regression models.
Dynamic Regression Model DR(k
The DR model for prediction of one component time series y i,t+1 of y t+1 has the form
where a i0 is a constant, a ij (B) for j = 1, 2, . . . , n are polynomials of order k i,j − 1 with regard to the backshift (or lag) operator B (By i,t = y i,t−1 ) and e t are iid. In essence, the prediction of y i,t+1 is given by a linear combination of the components of y t with different lags for each component. For the sake of simplicity we will work on centralized time series and omit the constant parameter.
If all k i,j are equal for all i and j we have the VAR model. Because of this connection between the VAR and DR models we will study the former as a constrained version of the latter. Another way to see the DR model is as a type of ordinary multiple regression where as independent variables we have lagged variables formed by the n time series. Thus we can apply known methods both from time series analysis and multiple regression for estimating models of this class.
There are many different expressions for dynamical regression models that are used in real-world time series analysis. Among them, we note the use of predetermined lag structure (Welch, 1984) , the inclusion of synchronous values of the other time series to model the desired one (Cramer and Miller 1976; Johnston et al. 1994; Lütkepohl 2005, chap. 4) , the use of transformed variables (Bentzen and Engsted, 2001) or the exclusion of lagged values of the modelled time series (Prado et al., 2001) . All these approaches are based on real-world assumptions about the data studied. We will work on the general case given by eq. 2.
Backward-in-Time Selection of Model Order
The determination of a DR model for a single time series consists of the identification of appropriate orders k 1 , k 2 , . . . , k n for the lag polynomials. The proposed scheme of Backward-in-Time Selection (BTS) aims at selecting the lagged variables progressively and augmenting the model terms by one lagged variable at a time according to a model selection criterion. The search starts from the n concurrent variables (lag zero) and goes backward in time towards larger lags until either fitting does not improve or a maximum lag is reached. The rationale with BTS is to select first the terms of the model among the most current variables and then include lagged variables that are least correlated to the lagged variables already selected, and most correlated to the response. Thus when there are several collinear lagged variables, only the variable temporally closer to the response will be selected. In this way, the scheme will result in parsimonious models of small orders as compared to other methods that estimate an order for each variable separately or an order for the VAR model.
The predicted time series is y 1,t+1 , the lags range from 0 up to a maximum lag K max , the model selection criterion used at each step of BTS is the Bayesian Information Criterion (BIC) (Schwarz, 1978) and the estimation of parameters is done by OLS. In detail, BTS determines the appropriate set of orders k 1 , k 2 , . . . , k n for the n variables as follows. Starting from orders (0, 0, . . . , 0) for the n variables we increase by 1 each (we go to (1, 0, . . . , 0), (0, 1, . . . , 0), etc) and locate the one giving minimum BIC. We select this order vector and repeat the process increasing again by 1 each component and so forth. If for all components the new BIC values are larger than the minimum BIC in the last step we increase each order by 2 in order to encompass cases where intermediate delays have insignificant effect on the response. If there is still no decrease in BIC we increase by 3 etc, until we arrive to (K max , K max , . . . , K max ). If again all new BIC values are larger than the last, we select this last order vector as the vector of optimum model orders.
The algorithm of BTS can be decomposed in the following steps:
1. Begin with the set of orders (0, 0, . . . , 0) for the n variables (zero-order model) and compute BIC (equal to the variance of input noise). 2. Increase the order by one for each variable separately. For example, for the first iteration starting with the set of orders (0, 0, . . . , 0) the n candidate sets of orders are
3. Compute BIC for the n dynamic regression models, one for each set of orders. 4. Find the set of orders for which the BIC value is smaller than the BIC value of the previous step. If there are more than one such set of orders select the one with the smallest BIC value and go to next step. If no set of order has smaller BIC than the BIC from the previous step increase the lag by one and go to next step. 5. If the current set of order is (K max , K max , . . . , K max ) then terminate, otherwise go to step 2.
Upon termination, BTS delivers the current set of orders. Note that in step 2 the order is increased only to the variables for which the current order is less than K max .
Model order and parameter estimation methods
We discuss here other methods for model order estimation as well as methods for the estimation of the parameters of the model.
Order Estimation
In this study, we compare BTS to four other methods for estimating the orders of the DR model, listed below. up to (K max , K max , . . . , K max ) (FULL) 3. Optimum order of VAR(k) for k = 1, . . . , K max (VARB). 4. Optimum orders selected from component-wise fits of y 1,t+1 separately on each time series y i,t and lags up to K max for i = 1, 2, . . . , n (CW).
In Fig. 1 , the steps that methods FULL, VARB, CW and BTS follow to obtain the optimum orders are illustrated for an example of a bivariate time series of the system DR(2,1) for y 1,t and DR(0,1) for y 2,t (not shown) y 1,t+1 = 0.7y 1,t − 0.2y 1,t−1 + 0.5y 2,t + e 1,t+1 , y 2,t+1 = 0.6y 2,t + e 2,t+1 , where e 1,t , e 2,t are normal iid. The FULL method although best, since it inspects all possible models, is very time and resource consuming when the number of time series is large. For example, for 16 time series and 3 lags (0, 1 and 2) there are 3 16 different models, that is a little more than 43 million cases. It is obvious that this makes its application prohibitive for large systems. VARB regards the order (1,0) (0,1)
(1,0) The CW method, commonly used in applications of DR models, determines the optimum order (number of delays) for each variable independently (Peña and Sánchez, 2007) . Thus the same or similar dependence forms of the response y i,t+1 to different (delayed) variables may occur in the selected model. To avoid this we propose in BTS an iterative method where at each step a delayed variable that explains best the response is added to the current model. CW often overestimates the orders because it does not take into account possible cross-correlations. It may also underestimate the orders when the data sets are small or the correlations between the variables are weak. A simple modification of CW would be to select one variable that best fits the dependent variable, regress this dependent variable to the chosen one and its lag, estimate the residuals and select the next variable that regresses best these residuals. While this may work on large data sets, for small time series with multi-collinearity this approach performs very badly, as we found from a pilot simulation study. The first selected variable may explain information of the dependent variable that originates from other variables that relate to it and so the residuals obtained retain very small amount of information from the other variables, which eventually terminates prematurely the search for further regressors on the residuals.
BTS attempts to render for the possible cross-correlations. The progressive scheme in BTS is much faster than the exhaustive search scheme of FULL and it is intuitively sound because variables are added to the model with respect to both their correlation to the response variable and to their time proximity, something that we would expect to hold in the context of time series.
Parameter Estimation
Depending on the selected orders (k 1 , k 2 , . . . , k n ) of the DR model, the use of regularization in the estimation of model parameters may alter the model structure and reduce the degrees of freedom, i.e. the actual model coefficients to be estimated. Therefore we consider parameter estimation in addition to model order selection in order to assess the prediction efficiency of BTS and the other four methods for model order selection.
We assume that a model DR(k 1 , k 2 , . . . , k n ) is selected to be fitted to a time series {y 1,t } N t=1 . We consider a vector b of size K = n i=1 k i containing all the coefficients of the lag polynomials in the DR model. Let X be the lag matrix with rows x t = [y 1,t , y 1,t−1 , . . . , y 1,t−k 1 +1 , y 2,t , . . . , y n,t−kn+1 ] for t = max(k i ), . . . , N − 1. Assuming the one-step ahead fit for the response vector of the variable
′ , the parameter vector b is estimated by the minimization of the error term e in
The ordinary least squares (OLS) solution for b and regularizations of OLS can be expressed in terms of singular values decomposition (SVD) as follows (for a more thorough review and other regularization techniques see Kugiumtzis et al. (1998) ; Jolliffe (2002)). Suppose the SVD of the matrix X,
. . , σ K ) a diagonal matrix with components the singular values of X in descending order.
The OLS estimate is
This is the standard solution used for model fitting and it was used also in Section 4.1 for the determination of the orders of the DR model. 2. The Principal Components Regression (PCR) estimate restricts the OLS solution using only the first q of the K singular components (Jolliffe, 2002)
where Λ PCR is a diagonal K × K matrix with 1 at the first q diagonal entries and 0 at the rest. 3. The Partial Least Squares (PLS) estimate makes also use of a subspace of dimension q ≤ K and is given in terms of SVD as (Helland, 1988) 
where Λ PLS is a diagonal K × K matrix with components
where θ j are the eigenvalues of W ⊤ q X ⊤ XW q and the W q matrix has as columns an orthonormal base of the space spanned by the vectors
4. The Ridge Regression (RR) (also called Tikhonov regularization) estimate (Hoerl and Kennard, 1970 ) involves a so-called ridge parameter a and is defined in terms of SVD as
where Λ RR is again a diagonal matrix with components
The methods PCR, PLS and RR aim at shrinking the space created by the rows of X (Lingjaerde and Christophersen, 2000). Their use is common in multiple regression when multi-collinearity is present in the data, with PCR omitting components that have small variability, PLS shrinking each component with regard to their predictive contribution and RR shrinking them all by a percentage of their singular value.
We give a simple example for the problem arising in the case of multicollinear time series that illustrates the need for regularization. Let {y 1,t } N t=1 a time series generated by an AR(1) model y 1,t+1 = φy 1,t +e t+1 , where e t is iid, and a second identical series, y 2,t = y 1,t . The two series are perfectly collinear, and y 1,t can be predicted equally good by, say,ŷ 1,t+1 = φ 2 y 1,t + φ 2 y 2,t or even y 1,t+1 = 100φy 1,t −99φy 2,t . Both these expressions are DR(1,1) models, and in fact both VARB and CW methods select these orders. Since the columns of X are identical, Σ is singular and Σ −1 cannot be computed. Even if the two time series were not perfectly collinear, but just strongly collinear, Σ would be near singular (very badly conditioned) and the OLS estimation would be numerically unstable. By multiplying Σ −1 with the appropriate Λ • matrix (• denotes PCR, PLS or RR) the effect of collinearity can be corrected.
Regularization parameter selection
For the regularization methods we need to determine appropriate values for their parameters, i.e. q for PCR or PLS and a for RR. For the optimal selection of these parameters we use a 10-fold cross-validation criterion (Breiman and Spector, 1992; Kohavi, 1995) . The sample of length N − max(k i ) (the rows of X) is split into 10 consecutive segments of equal length. The parameter vector b • for a given model, regularization method and regularization parameter is estimated from a subsample consisting of 9 of the segments and the fitted model is applied to the excluded segment to predict the valuesŷ i,t+1 in it. We do the same for all segments until we have predictions for all the values of the data. The measure of goodness of fit is the sum of squared errors of the fit
We compute SSE for a range of values of the regularization parameter and the optimal is the one giving minimal SSE. For PCR and PLS, the regularization parameter q takes only limited integer values and the inspection is performed for all values of q = 1, 2, . . . , K. For RR the process is a bit more complicated because a ∈ R + and we employ the following search scheme. We compute the SSE for 11 values of a in the interval [0, σ 1 ], i.e., a ∈ {0, 0.1σ 1 , 0.2σ 1 . . . , 1σ 1 } and locate the one giving the minimum SSE, let it be a ′ . We set the new interval starting at the value preceding a ′ in the set of 11 values and ending at the value following a ′ in the set (if a ′ is the first or last value in the set, then a ′ is the respective edge of the new interval). We repeat the process until the relative change of SSE in two consecutive steps is very small (less than 10 −6 in our applications), where the relative change from SSE(a previous ) to SSE(a current ) is
SSE RR (a previous ) .
Monte Carlo Simulations
We evaluate the proposed method BTS for order selection in comparison to the other four methods. In the simulation study, we evaluate also whether additional constraint to the coefficients of the lagged variables, as set by the three regularization techniques, can be of any benefit towards better prediction. The regularizations are expected to have a large effect when the model has a fixed large order, as for the MAX order selection method, and much less effect when the orders are small and close to the real orders, as expected for the other order selection methods.
Monte Carlo Setup
We study linear systems with feedback and multi-collinearity of varying strength. We consider small time series of length N = 100, 200, 400, since these are mostly affected by the aforementioned data conditions. We split each time series to a training set of the first 3N/4 samples and a test set of the rest samples. On the basis of the training set we determine the optimum model for each of the 20 combinations of 5 methods of order estimation and 4 methods of parameter estimation. We apply each selected model on the data of the test set and calculate the Normalized Mean Squared Error (NMSE) of one-step ahead predictions
whereê i,t+1 = y i,t+1 −ŷ i,t+1 are the prediction errors,ȳ i is the mean of the actual values of y i,t+1 over all target times t, b 2 is the bias introduced by the regularization technique (b 2 = 0 for OLS) and σ 2
• is the variance of •. For each system we perform 1000 Monte Carlo realizations with the help of the Matlab computation environment and compute the average NMSE, for all 20 methods of order and model estimation. Comparing different methods for optimum model identification is not an easy task. We can't say that a method is best just because it detects best the real model that generated the time series in a Monte Carlo study (finding the correct model order most times out of the 1000 realizations, or giving most accurate estimates of parameters), since there may be more than one equivalent models (Castle et al., 2011) . We deem that the average NMSE is a good indicator of the performance of each method. Equivalent model representations will have equivalent prediction errors and thus NMSEs, so the difference in the average NMSEs of two methods will depend solely on the non-equivalent realizations results. The failure of a method in providing an appropriate model will be indicated by a significant increase of the average NMSE.
Furthermore, we need to asses the significance of the difference in the prediction performance. For this we use the Diebold-Mariano test (Diebold and Mariano, 1995) . The null hypothesis for this test is that the two models under investigation have the same out-of-sample prediction accuracy. For each of the 1000 realizations we apply the test at a 5% significance level on all pairs of methods and record the number of rejections. For a pair of equivalent methods we expect to have 50 rejections by chance and from these about 25 times the first method to give better predictions and 25 the second. Thus we consider two methods to be evidently different if in addition there are at least 50 more rejections, a number chosen arbitrarily to signify some power of the test. In the summary results, when presenting the average NMSEs of all methods we mark the one with the minimum NMSE and those that are deemed as not different to it according to the Diebold-Mariano test.
For the evaluation of each j method of model order selection and parameter estimation, j = 1, 2, . . . , 20, on a number of different settings (different systems and variables) we use an efficiency indicator (score) S j . For each case i, i = 1, 2, . . . , M we compute NMSE on the test set and the noise to signal ratio σ e i /σ y i , which corresponds to the square root of the reference NMSE (e.g., the selected model is the real one). We define the score as
The superscript j ofê j i denotes that these errors where obtained by using method j. The score S j measures the degree of approximation of the real model (on a number of cases) with model j by normalizing the prediction error with respect to the variance of the time series and the noise level.
Results

A 4-d VAR model of order 2
The first system is a VAR of order 2 in 4 variables, given by 
with e t ∼ N(0, 0.1 · I) (0 a vector of 4 zeros and I the 4 × 4 identity matrix). Given the zero entries in the coefficient matrices the VAR system can be decomposed to 4 DR systems one for each variable, namely DR(2,0,0,2), DR(1,2,2,1), DR(1,2,2,2) and DR(1,1,0,2) respectively. Since some of the non-diagonal entries of the coefficient matrices are zero, feedback is present between the time series for each DR. For example, in the first DR system the dependence of y 1,t+1 on y 4,t−1 can in turn be explained by the dependence of y 4,t−1 on other variables, including y 1,t−2 . Thus through y 4,t−1 there is a (feedback) dependence of y 1,t+1 to y 1,t−2 in addition to the dependence on y 1,t and y 1,t−1 being present in DR. The most frequently selected orders by the four methods (i.e. excluding MAX) for K max = 5 along with their frequencies are given in Table 1 . For small samples (N=100) all methods that can give unequal orders do not single out a particular model order and the results vary from one time series to another. As the sample size increases, so does the frequency of the most selected model orders for FULL and BTS while CW shows quite large spread of the selected orders. It is notable that CW never manages to pick the real orders with highest frequency, whereas BTS (alike FULL) does this in most of the cases. VARB rather constantly estimates order (2,2,2,2) even for small samples (only in about 30 of the 1000 realizations a different order is selected).
The average NMSEs for the prediction with the 20 joint methods of order selection and parameter estimation are given in Table 2 .
For each variable and sample size the best methods found from the Diebold-Mariano test to have equal predictive accuracy are marked with an asterisk. The RR regularization improves slightly the NMSE of FULL, VARB and BTS for small N and somewhat less for larger N, whereas PLS and PCR do not have any significant effect. These three methods converge for large samples with VARB being overall best indicating that the best fit guaranteed by FULL does not always yield best predictions. CW and MAX perform poorly especially for small sizes, and for time series 1 and 2, with CW being the worst of the two. The prediction performance of the modeling methods is not consistent across the 4 time series and depends highly on the structure of the particular DR system.
A 4-d VAR model of order 2 with correlated errors
This system is identical to the one given by eq. 6 with the components of e t being correlated according to the correlation matrix
The most frequently selected orders by the four methods (i.e. excluding MAX) for K max = 5 along with their frequencies are given in Table 3 , and the average NMSEs for the prediction with the different methods of order selection and parameter estimation are given in Table 4 . The results are overall similar with the case of uncorrelated input noise. The NMSEs are slightly higher for all methods, a fact that indicates that the correlation in the input noise vectors hinders the prediction process, but does not affect the methods themselves.
Multiple DR systems
We assess now the prediction performance of the methods on multiple DR systems by means of the efficiency scores. We consider bivariate time series, where the first is generated by a DR(k 11 ,k 12 ) system, and the second by a DR(k 21 ,k 22 ) system with k ij ∈ {1, 2, 3} and e t ∼ N(0, 0.1). We have 3 4 = 81 different systems and since they are bivariate we have 162 DR systems. The parameters for these systems were picked randomly but constrained to give stationary time series and again 1000 realizations were generated for each system. Results on individual systems are not very useful since they vary much. The efficiency scores defined in eq. 5 were computed for M=162 DR systems and are given in Table 5 .
For N=100 VARB performs best, even better than FULL that due to the small sample size and the use of the BIC criterion omits parameters that turn out to contribute in prediction. As sample size increases, FULL becomes best and for N=400 BTS becomes second best. Again PLS and PCR do not improve FULL, VARB and BTS, while RR gives a marginal improvement of VARB. CW is the worst by far for all sample sizes and regularization techniques do not improve it either. The MAX method performs also quite badly with RR regularization giving some improvement. For large N all methods except CW seem to converge.
A system of 8 multi-collinear time series
Our previous results were on multivariate time series with inter-component feedback. Now we focus on time series with cross-correlation by assigning direct dependencies among them. A system of 8 multi-collinear time series is created in the following way. First 7 AR(1) time series are created as y i,t+1 = a i y i,t + e i,t+1 with e i,t ∼ N(0, 0.1) and a i takes the value -0.76, -0.89, 0.59, 0.62, 0.87, -0.72, -0.61 for i = 1, . . . , 7, respectively. We create collinear time series by superimposing to each of the last 6 time series the first time series (being a sort of "common component") multiplied by a coefficient c
for i=2,3,. . . ,7 and c=0,0.5,1,2. The coefficient c controls the strength of the collinearity between the time series. Finally we create the 8-th time series from the mean of time series 2, 3 and 4
We post the problem of predicting time series 8, x ′ 8,t , from all 8 time series. The results for all methods using K max = 3 are given in Table 6 . For the sake of clarity we omit methods that do not indicate substantial differences, like the use of regularization techniques for method FULL and when regularizations give similar results we present only the best one. We note though, that RR gives almost always at least marginally best results when there is strong collinearity (c=1 or 2), as we also observed in the case of the 4 dimensional VAR(2) system. Generally MAX method gives bad results since the number of parameters to be estimated are many, relative to the sample size, particulary when N=100 where for c=0 NMSE is 1, meaning that the model involving 24 parameters gives as good predictions as the mean of the data. The use of RR regularization in the MAX method improves significantly the predictive ability (PLS and PCR have the same effect but at a smaller extent) and in the presence of strong collinearity (c=2) and for small sample size its performance is even comparable to FULL, being generally the best. However its improvement with the sample size is small compared to the other methods. Method CW without regularization performs quite good for large sample sizes and strong collinearity. For weak or no collinearity FULL performs best for small samples with BTS following and VARB performing a bit worse. As sample size increases methods VARB and BTS converge to the performance of FULL. As c increases the convergence of the three methods can be observed even for small N.
A second system of 8 multi-collinear time series
As an extension of the previous case we create a similar system using an AR(2) system instead of AR(1) for the "common component". Thus time series {y 1,t } is generated by y 1,t+1 = −0.76y 1,t − 0.60y 1,t−1 + e 1,t+1 and the correlations of the time series extend further back in time. The results on prediction are given in Table 7 . Again we show only cases showing particular features of the methods.
Methods FULL, BTS and MAX behave similarly to the previous case with BTS again giving equal good predictions to FULL. CW performs quite worse than before and for strong collinearity needs regularization to have good results for small N. Method VARB cannot catch up with FULL and BTS in this case and we explain this as follows. Unlike the previous system, this system involves significant cross-correlations for larger delays, but the constraint of small data size prevents VARB from reaching the larger "true" optimum model order. Thus VARB chooses almost always model order 1 as it did also for the first system, where the correlations were actually of order 1 and therefore the model performed well.
Application to real data
EEG data
Our data sets are three 25-channel recordings of scalp EEG from an epileptic patient with generalized tonic clonic seizure with sampling time 0.01 sec (the data were provided by the Oslo University Hospital). We use two records of duration 1 hour (360000 data points), the first from 4 up to 3 hours before seizure (early preictal period), the second 1 hour prior to seizure (late preictal period) and a third 15 minutes long record (90000 data points) during and after the seizure (ictal period). Our goal is to check the predictive ability of the multivariate modeling methods on the different periods and use it as a measure for discerning between them. This is achieved with the help of Receiver Operating Characteristic (ROC) curves analysis and the Area Under Curve (AUC) statistic (Zweig and Campbell, 1993; Fawcett, 2004) . Values of AUC near 0.5 indicate that there is no distinction, while values near 1 means that we have complete separation.
Each one of the records is split into windows of 4 seconds duration (400 data points). For each one of the 25 time series a dynamic regression model on all 25 time series is estimated with each method on the first window. Then the one-step ahead predictions of the model on the subsequent window gives the first NMSE. Then the second window is used for model estimation and predictions are made on the third part and so forth. Thus for each channel we have 899 NMSE values for the first and second record and 224 for the third one. We omit the use of FULL method since the large number of time series prohibits its application. For K max = 3 that we use, there are 4 25 ≈ 10 15 different models. We also omit the use of PCR estimation of the model parameters because its performance is always worse than the similar to it PLS estimation. We compute the values of AUC taking as samples the set of NMSE values over the three records and compare the early preictal with the late preictal periods and the late preictal with the ictal.
In Fig. 2 we give the results for one channel. Comparing the methods for model selection with OLS parameter estimation (first column of boxplots) we see that BTS has the smallest median NMSE for all three records, while the other methods give, more or less, similar NMSEs. We opt for the use of median NMSE instead of average NMSE because our data are heavily contaminated with artifacts and thus the distribution of NMSE is heavily right-skewed. With regard to the parameter estimation methods, for BTS there is no significant change of NMSE with either PLS or RR. For the other three methods, PLS decreases NMSEs for all records, whereas RR increases NMSE for the first record and decreases it for the other two records. This is possibly an indication that there is change in the dynamics of the underlying mechanism producing the time series. The values of AUC are slightly higher for BTS and for the other methods with PLS estimation of model parameters showing that there is a slight increase of the discriminating efficiency.
Again the results of NMSE differ depending on the channel. To account for this, we choose to compute the percentage difference on median NMSEs of the modeling methods with reference to the BTS with OLS estimation of parameters and average it over all channels,
where • denotes any of the other methods. The results are given in Table 8 . There is no significant change for BTS with regard to regularization. On the other hand, the NMSE of the other methods ranges from 5.5% (CW with PLS Under each boxplot is the median NMSE. The panels are organized as follows: the row sequence is VARB, CW, MAX and BTS; the column sequence is OLS, PLS and RR. In the inset are the values of the AUC for comparing between record 1-2 (upper) and 2-3 (lower).
on record 2) to 51.3% (VAR with OLS on record 3) larger than that of BTS. The overall results are similar to the ones from the single channel. Again PLS improves the performance of VAR, CW and MAX and RR performs worse than OLS only on the first record and moderately on the other two. It is evident that the overestimation of the model orders from VAR and CW methods (and MAX as well) results to bad predictions and regularization corrects this only partially.
Regarding the discrimination of different epileptic phases with the NMSE as measure and the difference between the methods, the averaged AUC values over all channels are given in Table 9 . We see that although there is significant decrease of the NMSEs for BTS, this does not contribute significantly toward a better discrimination. VARB and MAX without regularization have smaller values for AUC on both record comparisons than BTS and only with PLS regularization they manage to catch up with BTS. RR worsens the results for the first comparison and slightly improves for the second, but PLS performs better.
MSCI data
The second data set is the Morgan Stanley Capital International's (MSCI) market capitalization weighted index of 23 developed markets in North America, Europe, and the Asia/Pacific Region. It is calculated with the help of the equities values of companies representative of the market structure. The data set comprises of 1300 daily returns (first differences of the logarithms of the indices) for each market in the period 5/3/2004-5/3/2009, excluding weekends and holidays. The original set is split into 5, roughly, 1-year periods consisting of 260 data points. Each period is used for the estimation of the model with the different methods and then the NMSE of the model is calculated on the following one-year period. Thus for each market and method 4 values of NMSE are obtained. The maximum lag used is 3 indicated by the significant cross-correlations between the time series. Figure 3 shows the NMSE values for all markets and period for the methods CW and BTS with OLS estimation of the model parameters. We see that the NMSE of BTS is lower or in par with that of CW. In the third period in fact BTS performs better for almost all countries. The average NMSE for each market over the 4 periods and for selected methods is shown in Table 10 , along with a total average over all markets. The best NMSE is given by BTS with RR parameter estimation (0.900) and is very close to BTS with OLS (0.904). CW with RR follows (0.909), while CW with OLS Figure 3: NMSE for the 4 yearly periods and two methods of model estimation for the MSCI data. Each subfigure shows a different period and the two lines correspond to the two methods. Solid black line is CW and dashed gray (cyan online) is BTS, both with OLS parameter estimation. On the x-axis is the country index as shown in Table 10 .
is fourth with somehow higher value (0.922). VAR and MAX with OLS fail completely (1.002 and 1.186 respectively) due to the large number of time series and small data length. Method VAR indicates zeroth order models for all cases, while MAX has stability problems on the parameter estimation and only with RR regularization manages to give results near the ones given by the other methods (0.929). All best performing methods (BTS with OLS, BTS with RR, and CW with RR) predict worst the two North American markets and best the Asian/Pacific markets, with UK giving the lowest NMSE (0.854 for BTS with OLS) among all European markets.
Discussion
The proposed BTS method for the selection of the order of a dynamic regression (DR) model forms the set of lagged variables progressively, starting from zero lag (order) and increasing one lag at a time. The lagged variables are selected according to their predictive relevance to the response, supplementary to this of the already selected subset of lagged variables. The time order in the selection of the lagged variables is intuitively sensible, because in real world data dependencies and correlations decrease as we go back in time. Also BTS is conservative since the model contains minimal redundant information, and computational inexpensive in its implementation.
We compared BTS with other, commonly used in practice, methods of order selection with and without regularization techniques in the model parameters estimation. The selected methods are quite basic and the performance of BTS compared to more sophisticated ones remains to be seen. Popular methods of subset selection and/or regularization used in multiple linear regression, such as forward stagewise regression (Hastie, 2008) , genetic algorithms (Holland, 1992) , least absolute shrinkage and selection operator (LASSO) regression (Tibshirani, 1996) or elastic net regularization (Zou, 2005) could be used in DR model selection. However, it should be noted that the application of these methods is not always straightforward due to the specific nature of time series data. An initial approach of the problem based on forward stagewise regression produced very bad results, probably due to the autocorrelation in the residuals.
BTS has in-built regularization, because only the relevant or effective lags are chosen, a kind of internal process of projecting the full space to the axes with best predictive relevance. Indeed the simulation study showed that regularization in the estimation of the parameters of the DR model determined by BTS had no effect on the predictive power of the model. The results on the other methods for order selection showed that the regularization improved prediction only when the order was overestimated. For small sample sizes, the order selection methods tend to underestimate the order of the model, so there is loss of information that cannot be compensated by any regularization. The regularization techniques have significant effect only in the case of a fixed large order (the scheme denoted as MAX), where there is no loss (but rather surplus) of information, but even so the effect is poor compared to other methods with no regularization, like BTS or VARB (the latter being the VAR order estimated by the BIC criterion).
The data conditions of feedback and multi-collinearity that we dealt with in the Monte Carlo simulations are rather typical in applications and the consensus is that when the data sets are large enough these cases do not pose a problem in modeling and prediction. However, this does not hold also for small sample sizes and we showed that the order selection methods give varying results with regard to the number of observed time series and the data conditions. For different conditions of feedback and multi-collinearity, the predictions with BTS were consistently among the best and close to the predictions of the best order (as found by the exhaustive search). VARB performed well at some of the settings but failed when there was strong multi-collinearity, and the CW method (estimates using BIC optimal order for each variable separately) gave generally worse predictions than BTS.
For the real EEG data from different epileptic phases that we tested, the use of large number of time series resulted in that all methods except BTS perform poorly. For the MSCI data, again BTS performed best (even if marginally) in the majority of cases. Concluding, our proposed BTS method for dynamic regression modeling turned out to have consistently good prediction performance for all cases we studied. N 100 200 400 y 1,t+1 DR(2,0,0,2) FULL (2,0,0,2) 32% (2,0,0,2) 69% (2,0,0,2) 90% VARB (2,2,2,2) 97% (2,2,2,2) 100% (2,2,2,2) 100% CW (0,0,1,1) 23% (0,0,1,1) 13% (5,1,1,1) 15% BTS (2,0,0,1) 14% (2,0,0,2) 27% (2,0,0,2) 34% y 2,t+1 DR(1,2,2,1) FULL (1,2,1,1) 50% (1,2,1,1) 64% (1,2,1,1) 49% VARB (2,2,2,2) 97% (2,2,2,2) 100% (2,2,2,2) 100% CW (1,2,3,0) 27% (1,2,3,0) 29% (3,3,3,3) 20% BTS
(1,2,1,1) 35% (1,2,1,1,) 51% (1,2,1,1) 35% y 3,t+1 DR(1,2,2,2) FULL (1,1,1,2) 26% (1,2,1,2) 35% (1,2,2,2) 39% VARB (2,2,2,2) 97% (2,2,2,2) 100% (2,2,2,2) 100% CW (5,0,1,2) 16% (5,1,4,2) 20% (5,1,4,2) 44% BTS (1,1,2,2) 32% (1,1,2,2) 40% (1,2,2,2) 43% y 4,t+1 DR(1,1,0,2) FULL (1,1,0,2) 57% (1,1,0,2) 86% (1,1,0,2) 94% VARB (2,2,2,2) 97% (2,2,2,2) 100% (2,2,2,2) 100% CW (0,0,1,2) 13% (5,0,3,2) 24% (5,0,4,2) 17% BTS (1,1,0,2) 57% (1,1,0,2) 86% (1,1,0,2) 94% N 100 200 400 y 1,t+1 DR(2,0,0,2) FULL (2,0,0,2) 25% (2,0,0,2) 60% (2,0,0,2) 88% VARB (2,2,2,2) 98% (2,2,2,2) 100% (2,2,2,2) 100% CW (0,0,1,1) 22% (4,0,1,1) 17% (5,0,1,1) 29% BTS (2,0,1,0) 23% (2,0,1,0) 21% (2,0,1,2) 37% y 2,t+1 DR(1,2,2,1) FULL (1,2,1,1) 41% (1,2,1,1) 63% (1,2,1,1) 53% VARB (2,2,2,2) 98% (2,2,2,2) 100% (2,2,2,2) 100% CW (0,2,3,0) 1% (0,3,3,3) 1% (3,3,3,3) 51% BTS
(1,2,1,1) 25% (1,2,1,1,) 36% (1,2,1,1) 21% y 3,t+1 DR(1,2,2,2) FULL (1,1,2,0) 35% (1,2,1,2) 36% (1,1,2,2) 37% VARB (2,2,2,2) 98% (2,2,2,2) 100% (2,2,2,2) 100% CW (5,0,1,2) 30% (5,0,1,2) 28% (5,0,4,2) 34% BTS (1,1,2,2) 22% (1,1,2,2) 33% (1,1,2,2) 31% y 4,t+1 DR(1,1,0,2) FULL (1,1,0,2) 41% (1,1,0,2) 79% (1,1,0,2) 93% VARB (2,2,2,2) 98% (2,2,2,2) 100% (2,2,2,2) 100% CW (5,0,1,2) 21% (5,0,2,2) 22% (5,0,3,2) 16% BTS (1,1,0,2) 37% (1,1,0,2) 75% (1,1,0,2) 91% 1st record ols pls rr VARB 15.2 (6.4) % 9.4 (6.7) % 18.3 (9.6) % CW 10.0 (3.8) % 6.5 (4.6) % 13.7 (7.5) % MAX 14.3 (2.9) % 8.0 (4.3) % 15.7 (7.6) % BTS 0 % -0.2 (0.5) % 0.7 (0.9) % 2nd record VARB 12.4 (3.1) % 7.0 (4.2) % 11.0 (5.2) % CW 9.2 (1.9) % 5.5 (3.2) % 8.6 (3.9) % MAX 11.3 (1.9) % 5.6 (2.7) % 8.2 (3.7) % BTS 0 % -0.1 (0.3) % 0.4 (0.7) % 3rd record VARB 51.3 (10.6) % 32.9 (9.9) % 34.6 (9.6) % CW 35.9 (5.3) % 22.5 (7.3) % 22.8 (7.6) % MAX 37.9 (6.7) % 22.4 (6.9) % 23.3 (7.6) % BTS 0 % -0.2 (1.0) % 0.3 (0.7) % 
